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( ) something new
(path integral)
(R. P. Feynman) (Princeton Thesi $s1942\lceil F1\rceil,$ $1948$
[F2] ).
2000 Mathematics Subject Classification(s): $81S40,58D30,47D06,41A80,35J10$
: path integral; exponential product formulas; construction of fundamental solutions/propagators for
Schr\"odinger and Dirac equations.
$*$
1723 2011 1-22 1
$-$
(path) $X:[0,t]\ni s\mapsto X(s)\in R^{N}$ $\int_{0}^{t}A(X(s))dX(s)$
$\int e^{(i/\hslash)S(X)}\mathcal{D}[X]$ , $\int e^{(i/\hslash)S(\phi)}\mathcal{D}[\phi]$
‘ ’ $R^{d}$
(field) ( ) $\phi:R^{d}\ni x\mapsto\phi(x)\in R^{N}$or $C^{N}$
(functional integral) $S(X),$ $S(\phi)$ (action)
$L(X)$ , $\mathcal{L}(\phi)$
$S(X)= \int_{0}^{t}L(X(s))ds$, $S( \phi)=\int \mathcal{L}(\phi(x))dx$,
$\mathcal{D}[X],$ $\mathcal{D}[\phi]$ $\{X: Rarrow R^{N}\},$ $\{\phi:R^{d}arrow R^{N}\}$
‘ ’ ‘ ’, ‘ ’ ‘’ $\mathcal{D}[\phi]$
‘ ’ ‘ ’ $\phi$ ‘ ’
$d=1,$ $N=3$ 1
$\phi:Rarrow R^{3}$ 3 (path) $\phi(\cdot)$ $X(\cdot)$
3 $R^{3}$ $V(x)$ $m$
( ) $Schr\dot{o}$dinger
(1.1) $i \hslash\frac{\partial}{\partial t}\psi(t,x)=[-\frac{\hslash^{2}}{2m}\Delta+V(x)]\psi(t,x)$ , $t>s,$ $x\in R^{3}$ ,
$=h/(2\pi)$ ($h>0$ : Planck )$)$ . $s$ $\psi(s,x)=f(x)$
$\psi(t,x)=\int K(t,x;s,y)$f(y) $K(t,x;s,y)$ (fundamental solution),
(propagator) $K(t,x;s$, Feynman
:
(1.2) $K(t,x;s,y)= \int_{\{X:X(s)=yX(t)=x\}}e^{iS(X)/\hslash}\mathcal{D}[X|$ .
$S(X)$ $X:[s,t]arrow R^{3}$
(1.3) $S(X)= \int^{t}[\frac{m}{2}X(\tau)^{2}-V(X(\tau))|d\tau,$ $X( \tau)=\frac{d}{d\tau}X(\tau)$
$\mathcal{D}[X]$ $s$ $y$ $t$ $x$ $X(\cdot)$
( 1 ) ‘ ’
$\mathcal{D}[X]$ $:=$ constant
$\cross\prod_{s\leq\tau\leq t}dX(\tau)$
, $dX(\tau)$ : $\tau$ $R^{3}$
constant




Feynman (1.2) (1.2) ([Fl],
[F2], [F3] $)$ :










Feynman (i), (ii) Dirac[Dl,2] Dirac
(1.2) Dirac-Feynman
$X(\cdot)$ ( ) $K(t,x;s,y)$
( )
$=_{1}$ 2 $(s,y),$ $(t,x)$
$S(X)$ (classical trajectory) $\overline{X}(\cdot)$
$t-s$ $\overline{X}()$ $S(t,x;s,y)\equiv S(\overline{X})$ $t,$ $s,x,y$













[Fl] Feynman’s Thesis-A New Approach to Quantum Theory, L. M. Brown World Sci.
2005 [Feynman $[F2],[D1]$ ].
[F2] R. P. Feynman, Space-time approach to non-relativistic quantum mechanics, Rev. Mod.
Phys., 20 (1948), 367-387.
[F3] R. P. Feynman and A. P. Hibbs: Quantum Mechanics and Path Integrals, McGraw-Hill
1965[ : ].
[Dl] P. A. M. Dirac: The Lagrangian in quantum mechanics, Physik. Zeits. Sowjetunion, 3
(1933), 64-72.
[D2] P. A. M. Dirac: The Principles of Quantum Mechanics, Oxford Univ. Press, Oxford, 2nd
ed. 1935, pp.] 24-126.
[GY] I. M. Gelfand and A. M. Yaglom: Integration in Functional spaces and its applications in
quantum physics, J. Math. Phys., 1 (1960), 48-69.
[Il] :
(1) Path Integral ( ), 1986, pp. 88-110;
(2) 21
2003, pp.72-80;
(3) 2007 4 : [ ],
2008, pp.32-38.






$[(a)$ $\S 3$ $, (b)$ $\S 4]$
(a), (b) (c), (d), (e) (f)
(f) ’ ’
(c) Infinite-dimensional oscillatory ‘integral’: Euclid Fresnel
$\int_{R^{d}}|x|^{2}ix\cdot y=(2\pi i)^{d/2}e^{-i_{Z}^{1}|y|^{2}}$
Hilbert $\mathcal{H}$ $f(x),$ $x\in \mathcal{H}$ , $\mathcal{H}$
Fourier $\mu[f(x)=\int_{\mathcal{H}}e^{i(x,y)}d\mu(x)]$ ‘ ’ (
) Fresnel‘ ’
$\overline{\int_{\mathcal{H}}}e^{2^{i}}\Vert x\Vert^{2}f(x)dx:=\int_{\mathcal{H}}e^{-\frac{i}{2}\Vert x||^{2}}d\mu(x)$
[AHK] S. A. Albeverio and R. I. $H\phi egh$-Krohn: Mathematical Theory of Feynman Path
Integrals, Lect. Notes in Math. No. 523 (1976);
[AHK-M] S. A. Albeverio and R. I. $H\phi egh$-Krohn and S. Mazzucchi, 2nd and enlarged ed.
2008.
(d) Path integral by white noise approach: Brown white noise
[SH] L. Streit and T. Hida: Generalized Brownian functionals and Feynman integrals, Stochas-
tic Process. Appl. 16 (1983), 55-69.
(e) Coherent state path integral: phase space coherent state propagator
Wiener regularization
[Kl] J. R. Klauder: A Modem Approach to Functional Integration, Birkh\"auser/Springer, Fall
2010.
(f) Grassmann number path integral : Bose
Fermi
$\lceil Fa]$ L. D. Faddeev: Introduction to functional method, Methods in Field Theory, Les Houches,








$t$ $x$ $X(\cdot)$ $[0,t]$ $n$
( $n$ ):
(3.1) $0=t_{0}<t_{1}<...$ $<t_{n-1}<t_{n}=t$ ,
$[t_{j}-t_{j-1}=t/n, 1\leq j\leq n]$ $X(t_{j})=\chi_{j}(j=0,2, \ldots,n;X(O)=x0\equiv y, X(t)=x_{n}\equiv x)$
$[tt]$ $X(\cdot)$ $[0,t]$
$X_{n}(\cdot)$ $[t_{j-1},t_{j}]$ ( )
$\hat{X}(\cdot)$ 2 $(tx),$ $(t_{J^{X}J})$ ( ) $\tilde{X}(\cdot)$
$[t_{\dot{\text{ }}-1},t_{j}]$ $X(\cdot)$
(piecewise classical trajectory) (classical
trajectory) $\overline{X}(\cdot)$ $[0,t]$ $t$
6
–$R^{3}$ Schr\"odinger $H=- \frac{1}{2}\Delta+V$ Unitary $e^{-itH}$ ,
$K(t,x;0,y)$ $m=\hslash=1$
1 $X_{l}(\cdot)$ (1.3) $S_{n}(X):=S(X_{n})$
(1.2) $3(n-1)$
$(n-1)$ times
(3.2) $K_{n}(t,x;0,y):= \frac{1}{(2\pi i\frac{t}{n})^{3(n-1)/2}}\sim\int_{R^{3}}\cdots\int_{R^{3}}e^{iS_{n}(X)}\prod_{=}^{n-1}dX(tj)j|$
$narrow\infty$
(3.3) $K_{n}(t,x;0,y)arrow K(t,x;0,y)$ , $(x,y)\in R^{3}\cross R^{3}$ ,
$\searrow$
$(a1)$ $E$. Nelson (1964)
(a2) ( )
Euclid staitinary phase method
(a3) K. It\^o (1967) trace covariance operator Gauss
trace ‘ ’ :
[It] K. It\^o: Generalized uniform complex measures in the Hilbertian metric space with their
application to the Feynman integral, Proc. 5th Berkeley Sympos. Math. Statist. and
Probability (Berkeley, Calif. 1965/66), Vol.II, Part 1, 1967, pp. 145-161.
(a4) 2 :
[Tr] A. Truman: The polygonal path formulation of the Feynman path integral, Feynman Path
Integral, Springer Lect. Notes in Phys. No. 106 (1979), pp. 73-102.
[CS] R. H. Cameron and D. A. Storvick: A simple definition of the Feynman path integral,
with application, Memoirs Amer. Math. Soc. No. 288 (1983).
(al) (a2)
(al), (a2): Nelson (Trotter Trotter-Kato )
[N] E. Nelson: Feynman integrals and the Schr\"odinger equation, J. Math. Phys. 5 (1964),
332-343.
(1.3) $S(X)$ $\frac{X(\tau)^{2}}{2}d\tau$ ( )
$\tilde{X,1}()$ $\int_{0}^{t}V(X(\tau))d\tau$ ( ) $\hat{X}_{n}(\cdot)$
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(3.4) $S_{n}^{\sim\wedge}(X) \equiv S(\tilde{X}/\hat{X}_{n}):=\sum_{j=1}^{n}[\frac{1}{2}(\frac{X(t_{j})-X(t_{j-1})}{t/n})^{2}-V(X(t_{j-1}))]\frac{t}{n}$
$K_{\tilde{n}}^{\wedge}(t,x;0,y)$
$(n-1)$ times




$\cross\int_{R^{3}}e^{i_{\vec{n}2}^{t1}(\Delta_{\iota\Gamma n}^{x-\lrcorner^{X})_{e^{-i\frac{t}{n}V(x_{1})}}^{2}}}\frac{dx_{1}}{(2\pi i\frac{t}{n})^{3/2}}\int_{R^{3}}^{i^{1}(\lrcorner^{x-\lambda}\dot{4})_{e^{-i\frac{t}{n}V(x_{0})}f(xo)}^{2}}e\frac{l}{n}zTln\frac{dx0}{(2\pi i\frac{t}{n})^{3/2}}$,
$(x=x_{n})$ , $[e^{i(t/n)_{2^{1}}\Delta-i(t/n)Vn}e]$
(Trotter Trotter-Kato ): $A,$ $B$ Hilbert
$A+B$ ( (3.7) $A,$ $B$
):
(3.6) $e^{-it(A+B)}= s-\lim_{narrow\infty}[e^{-i(t/n)A}e^{-i(t/n)B}]^{n}$ (Unitary case),
(3.7) $e^{-t(A+B)}= s-\lim_{l2arrow\infty}[e^{-(t/n)A}e^{-(t/n)B}]^{n}$ (Selfadjoint case).
(3.7) 2 $A+B$ Trotter-Kato
(3.6) $[e^{i(t/n)^{1}}\tau^{\Delta}e^{-i(t/n)V}]^{\prime\iota}$ $e^{-itH}$ $L^{2}(R^{3})$
(33)
(a2) [Fujiwara 1979, Fujiwara-Kumano-go 2005]: (1.3)
10, $t1$ $\overline{X}_{l}(\cdot)$ (
$)$ $\tilde{X}_{l}(\cdot)$ $\tilde{X}_{n}(\cdot)$













$[FuK]$ D. Fujiwara and N. Kumano-go: Smooth functional derivatives in Feynman path inte-
grals by time slicing approximation, Bull. Sci. Math. 129 (2005), 57-79.
\S 4.
(bl) $(tarrow-it)$ , Feynman-Kac [M.Kac]
(b2) $Schr\dot{o}$dinger [V.P.Maslov and A.M.Chebotarev]
(b3) 1 Dirac [T.Ichinose and Hiroshi Tamura]
(b4) (Euclidian)
(bl) $(tarrow-it)$ , Feynman-Kac
$\mathcal{D}[X]$ $\mathcal{D}[\phi]$





$- \int_{0}^{t}[\frac{1}{2}\dot{X}(\tau)^{2}+V(X(\tau))]d\tau$ $X_{0}(\tau):=X(t-\tau)-x,$ $0\leq\tau\leq t$,
$X$ $X_{0}$










(4.3) $u(t,x)= \int K^{E}(t,x;0,y)f(y)dy=\int_{C_{0}}e^{-\int_{0}^{t}V(x+X_{0}(\tau))d\tau}f(x+X_{0}(t))d\mu_{0}(X_{0})$
Feynman-Kac
(4.2) vector potential Schr\"odinger
Cauchy :
(4.4) $\frac{\partial}{\partial t}u(t,x)=-[\frac{1}{2m}(-i\nabla-A(x))^{2}+V(x)]u(t,x)$, $t>0,$ $x\in R^{3}$ .





[Kacl] M. Kac: Wiener and integration in function spaces, Bull. Amer. Math. Soc. 72, Part II
(1966), 52-68.
[Kac2] M. Kac: Integration in Function Spaces and Some of Its Applications, Lezioni Fermi-
ane, Accademia Nazionale del Lincei Scuola Norm. Sup. Pisa 1980.






(b2) Schr\"odinger [Maslov-Chebotarev 1976/801
Scr\"odinger (1. 1) Fourier
(4.7) $i \frac{\partial}{\partial t}\hat{\psi}(t,p)=[\frac{h^{2}p^{2}}{2m}+V(-\nabla_{p})]\hat{\psi}(t,p)$, $t>0,$ $p\in R^{d}$ ,
$\phi(t,x)$ Fourier $\hat{\psi}(t,p);=(2\pi)^{-d/2}\int_{R^{d}}e^{-ixp}\psi(t,x)dx$
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4.1. ([MCl] 1976, [MC2] 1980]). (4.7) Cauchy $\hat{\psi}(t,p)$
$C([0,t]arrow R^{3})$ $\lambda$
(4.8) $\hat{\psi}(t,p)=\int_{P(t)=p}\exp[-i\int_{0}^{t}\frac{\hslash^{2}P(s)^{2}}{2m}ds]\hat{\psi}(0,P(0))d\lambda(P)$
[MCl] V. P. Maslov and A. M. Chebotarev: Generalized measure in Feynman path integrals,
Theor. and Math. Phys. 28 (1) (1976), 793-805.
[MC2] V. P. Maslov and A. M. Chebotarev: Jump-type processes and their applications in
quantum mechanics, Transl. Journal ofSoviet Math. 13 (1980), 315-357.
(b3) 1 Dirac
$\hslash=1$ $c=1$ $\alpha,\beta$ $2\cross 2’-(\overline{J}F^{1}J$ $\alpha^{2}=$
$\beta^{2}=1,$ $\alpha\beta+\beta\alpha=0$ $\alpha=(\begin{array}{l}010-1\end{array}),$ $\beta=(\begin{array}{l}0-10-1\end{array})$
1 Dirac Cauchy
(4.9) $\frac{\partial}{\partial t}\psi(t,x)=-[\alpha(\frac{\partial}{\partial x}-iA(t,x))+im\beta+iV(t,x)]\psi(t,x)$ , $t>0,$ $x\in R$ ,
$\psi(0,x)=g(x)$ $\psi(t,x)={}^{t}(\psi_{1}(t,x),\psi_{2}(t,x))$
4.2. ([I2] 1982, $[I3\rceil$ 1984, [ITal,2] 1984, 1987; [I4] 1993) Lipschitz-
Lip$([0,t]arrow R)$ [ 1 $x$- 1 $($ $c:=1)$ zigzag
( 3 ) $]$ $2\cross 2$-matrix $v_{t,x}$ :
(4.10) $\psi(t,x)=\int_{X(t)=x}dv_{t,x}(X)e^{i\int_{0}^{t}[A(s,X(s))dX(s)-V(s,X(s))ds1_{g(O,X(O))}}$
[I2] T. Ichinose: Path integral for the Dirac equation in two space-time dimensions, Proc.
Japan Acad. 58 A (1982), 290-293.
[I3] T. Ichinose: Path integral for a hyperbolic system of the first order, Duke Math. J. 51
(1984), 1-36.
[ITal] T. Ichinose and Hiroshi Tamura: Propagation of a Dirac particle– A path integral
approach, J. Math. Phys. 25, 1 $810-1819(1984)$ .
[ITa2] T. Ichinose and Hiroshi Tamura: Path integral approach to relativistic quantum me-
chanics– Two-dimensional Dirac equation-, Suppl. Prog. Theor. Phys., No.92 (1987),
$1\triangleleft 4-175$ .
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3. $0$ 1 $R$ zigzag
$t$ $x\in R$
[I4] T. Ichinose: Path integral for the Dirac equation, Sugaku Expositions, Amer. Math.
Soc. 6 (1993), 15-31.
$K(t,x)(=K(t,x;0,0))$ 1 free( ) Dirac
(4.11) $\frac{\partial}{\partial t}\psi(t,x)=-[\alpha\frac{\partial}{\partial x}+im\beta]\psi(t,x)=:C\psi(t,x)$, $(t,x)\in R\cross R$
Cauchy unitary $e^{\mathcal{K}}$
$X:[0,t]arrow R$ $V$ $\dot{R}:=$ RU $\{\infty\}$ $R$ 1
compact $X_{t}$ $:= \prod_{[0,t]}\dot{R}=(\dot{R})^{[0,t]}$ $X_{t}$ $X$ : $[0,t]arrow R$
$C([0,t]arrow R)$ $\infty$
Tychonoff $X_{t}$ compact Hausdorff $X_{t}$
$C^{2}$ $={}^{t}(\Psi_{1},\Psi_{2})$ Banach $C(X_{t};C^{2})$
$[0,t]$ : $0=s_{0}<s_{1}<\cdots<s_{k}=t$ $R^{k+1}$ $C^{2}$
$F(x_{0},x_{1}, \ldots,x_{k})$ $\Psi(X)=F(X(so),X(s_{1}),..:,X(sk))$




(4. 12) $L_{t,x}(\Psi):=\overline{\int_{R}\cdots\int_{R^{K_{0}(s_{k}-s_{k-1},x_{k}-X_{k-1)\cdots K_{0}(s_{1}-s0,x_{1}-x_{0})}}}}$
$\cross F(x0,x_{1}, \ldots ,x_{k})dx_{0}dx_{1}\cdots dx_{k-1}$ , $x_{k}=x$ ,
$=e^{(s_{k}-s_{k-1})C}\cdots e^{(s_{1}-s_{0})C}F(x_{0},x_{I},\ldots,x_{k})$ .
1 free Dirac (4.11) Cauchy $L^{\infty}$
well-posed
12
43. . $g\in C_{\infty}(R;C^{2})=C_{\infty}(R)\otimes C^{2}:=\{f\in C_{b}(R;C^{2});|f(x)|arrow 0, |x|arrow\infty\}$
$\psi(0,x)=g(x)$ $\psi(t):=\psi(t, \cdot)\in C_{\infty}(R;C^{2})$
:
(4.13) $\Vert\psi(t)\Vert_{\infty}=\Vert e^{tC}g\Vert_{\infty}\leq e^{mt}\Vert g\Vert_{\infty}$ .




(4.14) $|L_{t,x}( \Psi)|:=\max\{(L_{t,x}(\Psi))_{1},(L_{t,x}(\Psi))_{2}\}\leq e^{mt}\Vert\Psi\Vert$ , $\Psi\in C_{fin}(X_{t};C^{2})$ .
$C_{fin}(X_{t};C^{2})$ Stone-Weierstrass $C(X_{t};C^{2})$
(4.14) $\in C(X_{t};C^{2})$ $L_{t}$,x( ) $C(X_{t};C^{2})$
Riesz $X_{t}$ $M_{2}(C)$ regular Borel
$\nu_{t,x}$
















$\nu_{t,x}$ Lip$([0,t]arrow R)$ [ 1 $x$- 1(
$c:=1)$ zigzag 1 (
)
(b4) (Euclidian) scalar $(d=1,2,3)$
Minkowski $S(\phi)$ Eucli $d$
$iS( \phi)=-\int_{R^{d}}1\frac{1}{2}|\nabla\phi(x)|^{2}+\frac{1}{2}m^{2}|\phi(x)|^{2}+\lambda|\phi(x)|^{4}+iJ(x)\phi(x)]dx$
($J(x)$ ) ‘ ’
$Z(J)= \int_{\{\phi;R^{d}arrow R^{N}\}^{e^{-\int_{R^{d[|\nabla\phi(X)|^{21}}}/}}}z^{1}+,,n^{2}|\phi(X)|^{2}+t|\phi(x)|^{4}+iJ(x)\phi(x)]dx\mathcal{D}1\phi]$
Green
$d\leq 3$ Feynman-Kac $e^{-\int_{n^{d}Z}^{1}|\nabla\phi(x)|^{2}}$dx$\mathcal{D}[\phi]$ Euclidian
scalar $\phi$ $M$
$Z(J)= \int_{\{\phi;R^{d}arrow R^{N}\}}e^{-\int_{R^{d}}[\frac{1}{2}m^{2}|\phi(x)|^{2}+\lambda|\phi(x)|^{4}+iJ(x)\phi(x)]dx}dM(\phi)$









$\int\int\int \mathcal{D}[\psi]\mathcal{D}[\overline{\psi}]\mathcal{D}[A]e^{iS(\psi,\overline{\psi},A)}$ 3 $\psi,$ $\overline{\psi},$ $A$
[Si2] B. Simon: The $P(\phi)_{2}$ Euclidean (Quantum) Field Theory, Princeton University Press
1974.




[Irt] : 38 2 (1986), 165-179.
[W] : 22 (1997), 67
pages.
\S 5.
\S 51. ( )
\S 3
10 $A,$ $B$ Hilbert $\mathcal{H}$
$A+B$ selfadjoint Trotter-Kato (3.7)
51. ([ITa],[ITTZ] 2001; cf. [INZ] 2004)
$\Vert[e^{-tA/n}e^{-tB/n}]^{n}-e^{-tH}\Vert_{\mathcal{H}}=O(\frac{1}{n})$ ,
1 $[e^{-tB/2n}e^{-tA/\prime l}e^{-tB/2n}]^{n}-e^{-tH} \Vert_{\mathcal{H}}=O(\frac{1}{n})$.
$(0,\infty)$ $H\geq\delta I(\delta>0)$ $[0,\infty)$
$O( \frac{1}{n})$
$Schr\dot{o}$dinger $H=- \frac{1}{2}\Delta+V[A=-\frac{1}{2}\Delta,$ $B=V$
$V(x)$ potential 1 $K^{(n)}(t,x,y):=$
$[e^{\frac{t}{\prime}z^{\Delta}}e^{-\frac{t}{n}V}]^{n}(x,y)1$ [( ) ]
2 52 5.1 Trotter
$0( \frac{1}{n})$
52. ([ITa3] 2004, IT42006; [AI] 2008]). $V(x)$ $C^{\infty}(R^{d})$





in $C^{\infty}(R^{d}\cross R^{d})-topology,$ locally uniformly in $(0,\infty)$ .
53. ([IT4] 2006) ( Coulomb potential ). $H$ $:=- \frac{1}{2}\Delta+V(x)$
$V(x)\geq 0$ $0<\alpha<1$ $V(-\Delta+1)^{-\alpha}:L^{2}(R^{d})arrow L^{2}(R^{d})$
$V$ 2 $p,$ $q\in R^{d}$ $C^{\infty}$
$[K^{(\iota)}(t,x,y)-e^{-tH}(x,y)]=O( \frac{1}{n})$ , in $C^{\infty}(U)$ -topology, locally uniformly in $(0,\infty)$ .
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unitary (
[I5, \S 4] ). Schr\"odinger
3 Dirac potential $V(x)$
unitary
Schr\"odinger
54. ([IT2] 2004; “unitary” norm Trotter !).
1o $L^{2}(R^{3})^{4}$ Dirac $H=H_{0}+V=(i\alpha\cdot\nabla+m\beta)+V(x)$ potential $V$
$V(x)(|\alpha|=2)$
$2^{o}L^{2}(R^{3})$ Schr\"odinger $H=H_{0}+V=\sqrt{-\Delta+m^{2}}+V(x)$
potential $V$ $\partial_{X}^{\alpha}V(x)(1\leq|\alpha|\leq 4[m=0$ $, 0\leq|\alpha|\leq 4])$
1 $[e^{-itH_{0}/2n}e^{-itV/n}e^{-itH_{0}/2n} \rceil^{n}-e^{-itH}\Vert_{L^{2}}=O(\frac{1}{n^{2}})$ , locally uniformly in R.
[ITl] T. Ichinose and Hideo Tamura: The norm convergence of the Trotter-Kato product
formula with error bound, Commun. Math. Phys. 217 (2001), 489-502; Erratum,
$i$ bid. 254 (2005), 255.
[ITTZ] T. Ichinose, Hideo Tamura, Hiroshi Tamura and V. A. Zagrebnov: Note on the paper
“The norm convergence of the Trotter-Kato product formula with error bound” by
Ichinose and Tamura, Commun. Math. Phys. 221(2001), 499-510.
[INZ] T. Ichinose, H. Neidhardt and V. Zagrebnov: Trotter-Kato product formula and frac-
tional powers of self-adjoint generators, J. Functional Analysis 207 (2004), 33-57.
[IT2] T. Ichinose and Hideo Tamura: Note on the norm convergence of the unitary Trotter
product formula, Lett. Math. Phys. 71 (2004), 65-81.
[IT3] T. Ichinose and Hideo Tamura: Sharp error bound on norm convergence of exponential
product formula and approximation to kernels of Schr\"odinger semigroups, Comm.
$PDE29$ (2004), Nos. 11/12, 1905-1918.
[IT4] T. Ichinose and Hideo Tamura: Exponential product approximation to integral kemel
of Schr\"odinger semigroup and to heat kemel of Dirichlet Laplacian, J. Reine Angew.
Math. 592 (2006), 157-188.
[AI] Y. Azuma and T. Ichinose: Note on convergence pointwise of integral kernels and in
norm for exponential product formula with the harmonic oscillator, Integral Equations
Operator Theory 60 (2008), 151-176.
[I5] T. Ichinose: Time-sliced approximation to path integral and $Lie-Trotter$-Kato product
formula, In: A Garden ofQuanta, Essays in Honor ofHiroshi Ezawafor his seventieth
birthday, World Scientific 2003, pp. 77-93.
16
:[ITO] T. Ichinose and Hideo Tamura: Results on convergence in norm of exponential product
formulas and pointwise of the corresponding integral kernels, Modem Analysis and
Applications, The Mark Krein Centenary Conference (Odessa, Ukraine, April $2007$) $-$
Vol.l: Operator Theory and Related Topics, Birkh\"auser 2009, pp. 315-328.
\S 5.2. S$\mathfrak{c}$hr\"odinger
(a) Weyl Hamitonian
$H_{A}$ vector potential $A(x)$ classical symbol $\sqrt{|p-A(x)|^{2}+m^{2}}$ Weyl
Hamitonian
(5.1) $(H_{A}f)(x):=(2 \pi)^{-3}\iint_{R^{3}\cross R^{3}}e^{i(x-y)p}\sqrt{|p-A(\frac{x+}{2}g)|^{2}+m^{2}}f(y)dpdy$
Schr\"odinger
(5.2) $\frac{\partial}{\partial t}u(t,x)=-[(H_{A}-m)+V(x)]u(t,x)$, $t>0,$ $x\in R^{3}$ ,
$u(0,x)=f(x)$ Cauchy
$\lambda_{X}$ L\’evy $D_{x}:=D_{X}([0,\infty)arrow R^{3})$ , $X$ :
$[0,\infty)arrow R^{3}$ $X(0)=x$
$e^{-t(\sqrt{p^{2}+|n^{2}}-m)}= \int_{X(0)=x}e^{ip\cdot(X(t)-X(0)}d\lambda_{X}(X)$ , $t\geq 0,$ $p\in R^{3}$ ,
L\’evy-Khinchi $n$ $\sqrt{p^{2}+m^{2}}-m=-\int_{y|>0}[e^{ip\cdot y}-1-ip\cdot$
$yI_{|y|<1}]n(dy)$ $n(dy)$ Lebesgue Le’$vy$
$X\in D_{x}$ $N_{X}(dsdy)$ ( $0$ ,oo) $\cross(R^{3}\backslash \{0\})$
$N_{X}((t,t’]\cross U)=$ { $X(s)-X(s-)\neq 0$ $U$ $s\in(t,t’]$ }
$(0<t<l,$ $U$ $R^{3}\backslash \{0\}$ Borel $)$
$\tilde{N}x$ (dsdy) $:=N_{X}(dsdy)-dsn(dy)$ $X(t)$ L\’evy-It\^o
$X(t)=x+ \int_{0}^{t+}\int_{|y|\geq|}y\cdot N_{X}(dsdy)+\int_{0}^{t}\int_{0<|y|<|}y\cdot\tilde{N}_{X}(dsdy)$
$\int_{D_{X}}N_{X}(dsdy)d\lambda_{X}(X)=dsn(dy)$
(5.2) $u(t,x)$ ([ITa] 1986, [I6] 1992) :
(5.3) $u(t,x)=e^{-(H_{A}-m+V)}= \int_{D_{x}}e^{-W(X)}f(X(t))d\lambda_{\lambda}\cdot(X)$ ,
$W(X)=i \int_{0}^{t+}\int_{|y|>0}A(X(s-)+y/2)\cdot y\tilde{N}_{X}(dsdy)$
$+i \int_{0}^{t}\int_{|y|>0}[A(X(s-)+y/2)-A(X(s)]\cdot ydsn(dy)+\int_{0}^{t}V(X(s))ds$ .
L\’evy $N_{X}$ (dsdy) [$IkW\rceil,$ $[A\rceil$
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(b) Hamiltonian
$|-i\nabla-A(x)|^{2}+m^{2}$ ( 1 magnetic Schrodinger
2 ) $\frac{1}{2}$ $\sqrt{|-i\nabla-A(x)|^{2}+m^{2}}$
Schrodinger
(5.4) $\frac{\partial}{\partial t}u(t,x)=-[\sqrt{|-i\nabla-A(x)|^{2}+m^{2}}-m+V(x)]u(t,x)$, $t>0,$ $x\in R^{3}$ .
Cauchy $u(0,x)=f(x)$ $u(t,x)$
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“The professor’s nightmare: awise guy in the class ( : )”
( ) [F2] R. P. Feynman and A. P. Hibbs, pp. 19-2],
\S 1 $X$ $\varphi[X]$ ( (1.4), (1.5) ),
$\mathcal{A}(X)$ 4, 5, 6, 8, 9 [Z]
double-slit
$P$:“( ) (event) (probability amplitude)”
$\mathcal{A}(Sarrow O)$ : $t=0$ $S(source)$ $t=T$ O(detector)
$\mathcal{A}(Sarrow A_{i}arrow O)$ : $t=0$ $S(source)$ $A_{i}$
$t=T$ O(detector)
$Sr_{\sim}^{\vee::;_{\sim}^{\vee^{\vee^{\vee^{\vee}}\sim}}}\sim’\sim\sim\sim\sim’\sim\ovalbox{\tt\small REJECT}_{A_{2’}}^{A}\sim^{\iota}\sim-/\vee/\sim/\sim//\sim/^{\mathscr{J}}\sim\ovalbox{\tt\small REJECT} 0$
4.1 2
$\mathcal{A}(Sarrow O)=\mathcal{A}(Sarrow A_{1}arrow O)+\mathcal{A}(Sarrow A_{2}arrow O)$
( 4).
“Feynman”













$\mathcal{A}(Sarrow O)=\sum_{i,j}\mathcal{A}(Sarrow A_{i}arrow B_{j}arrow O)$
( 6). Feynman











O(detector) ( 1 ) $S$
$O$ ( ) 1
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$\mathcal{A}$($t=0$ $S$ $t=T$ $O$ )
$= \sum_{(paths)}\mathcal{A}$($t=0$ $S$ $t=T$ $O$ )
\S 1 (15) $K(t,x; O,y)=\sum_{X:X(0)=y,X(t)=x}\varphi|X]$
9.
$\sum_{(paths)}$ Feynman
Newton Leibni $z$ 9 ( )
zero
( )
Xerox tex text
( )
( )
Cf. (partition function)
22
